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Abstract
In the previous paper[1], we derived the Abelian projected effective gauge theory
as a low energy effective theory of the SU(N) Yang-Mills theory by adopting the
maximal Abelian gauge. At that time, we have demonstrated the multiplicative
renormalizability of the propagators for the diagonal gluon and the dual Abelian anti-
symmetric tensor field. In this paper, we show the multiplicative renormalizability
of the Green’s functions also for the off-diagonal gluon. Moreover we complement
the previous results by calculating the anomalous dimension and the renormalization
group functions which are undetermined in the previous paper.
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1 Introduction
Quark confinement and spontaneous breakdown of chiral symmetry are very impor-
tant problems in the low energy Quantum Chromodynamics (QCD). It is difficult to
analyze QCD in the low energy region due to strong coupling constant, while it is easy
to analyze QCD in the high energy region due to the asymptotic freedom of coupling
constant. Thus the effective theory is often used in order to investigate the phenom-
ena in the low energy region of QCD. In fact, it is well-known that the problems
mentioned above are qualitatively explained by dual Ginzburg-Landau (DGL) theory
which describes the dual superconductivity due to the dual Meisner effects.[2, 3, 4]
Therefore we expect that the DGL theory is a candidate of a low energy effective
theory of QCD. However, the analytical derivation of DGL from QCD is not achieved
so that we have tried to construct the interpolated effective theory connecting QCD
and DGL in the series of our works[1, 5].
In the previous paper[1], which is referred to as (I) hereafter, we have derived
Abelian projected effective gauge theory (APEGT) from the SU(N) Yang-Mills the-
ory by making use of the maximal Abelian (MA) gauge[6] based on an idea of Abelian
projection[3]. The APEGT is originally derived for the SU(2) gauge group in Ref. [5]
and extended for the SU(N) gauge group in (I).
The original Yang-Mills theory includes the diagonal gluon, the off-diagonal gluon,
the diagonal ghost and the off-diagonal ghost. According to the Abelian dominance[7],
the diagonal components play the dominant roles in the low energy region of QCD,
while the off-diagonal components hardly affect the phenomena in the low energy
region. The mechanism of Abelian dominance can be understood by the fact that the
off-diagonal fields become massive, while the diagonal fields remain massless or have
smaller masses. We derived the dynamical mass generations of off-diagonal fields in
Ref. [8] in agreement with numerical simulations on a lattice[9]. By introducing a
dual Abelian anti-symmetric tensor fields together with two arbitrary parameters ρ
and σ as a dual of the composite operator of off-diagonal gluons and by integrating
out off-diagonal gluons and ghosts, we have obtained the APEGT which includes only
the diagonal gluon and the dual Abelian tensor field. Moreover, by integrating out
the diagonal gluon, we have arrived at the DGL-like effective theory as demonstrated
in Refs. [1, 5].
In (I), we calculated the beta-function, the anomalous dimensions of the diagonal
gluon and dual Abelian tensor fields, and the renormalization group (RG) functions
of the gauge fixing parameter for the diagonal gluon and an arbitrary parameter ρ and
demonstrated the multiplicative renormalizability for the diagonal gluon and the dual
Abelian tensor field propagators. In this paper, moreover, we show the multiplicative
renormalizability for the Green’s functions including not only the diagonal fields but
also off-diagonal gluons, and calculate the anomalous dimension of off-diagonal gluon
and the RG functions of the gauge fixing parameter for the off-diagonal gluon and the
remaining parameter σ. The results obtained here complement the previous results.
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2 Modified maximal Abelian gauge
We construct the gauge fixing (GF) and the associated Faddeev-Popov (FP) ghost
term for the MA gauge. To analyze the non-Abelian gauge theory in the MA gauge,
we distinguish the color indices as follows:

A,B,C, . . . → SU(N),
i, j, k, . . . → U(1)N−1 (diagonal),
a, b, c, . . . → SU(N)/U(1)N−1 (off-diagonal).
(1)
First, we define the MA gauge condition. The MA gauge is obtained by minimizing
the functional R[AU ] with respect to the local gauge transformation U(x) of Aaµ. Here,
R[A] is defined as the functional of off-diagonal gluons,
R[A] :=
∫
d4x
1
2
Aaµ(x)A
µa(x). (2)
Then we obtain the differential form of the MA gauge condition,
F a[A] := DµA
µa = 0, (3)
where we defined the covariant derivative with respect to the diagonal gluon Aiµ as
DµΦ
A :=
(
∂µδ
AB + gfAiBAiµ
)
ΦB, (4)
for an arbitrary operator ΦA. The MA gauge condition partially fixes the color rota-
tional symmetry from SU(N) to U(1)N−1. In fact, the residual U(1)N−1 symmetry,

δAiµ = ∂µθ
i,
δΦi = 0 (Φi = φi, C i, C¯ i),
δΦa = −gfabiΦbθi (Φa = Aaµ, φa, Ca, C¯a),
(5)
is not fixed by the MA gauge fixing condition. Here Aµ, φ, C and C¯ is gluon,
Nakanishi-Lautrup field, ghost and antighost respectively. In order to complete the
gauge fixing, we must fix the residual U(1)N−1 symmetry. In this paper, we employ
the additional gauge fixing condition F i[Aµ] := ∂µA
iµ = 0 for fixing the residual
U(1)N−1 symmetry.
Next, we construct the GF+FP term for the MA gauge. In (I), we adopted the
naive MA gauge fixing term
SMA := −
∫
d4xiδB
[
C¯a
(
DµAaµ +
α
2
φa
)
+ C¯ i
(
∂µAiµ +
β
2
φi
)]
, (6)
where δB is the BRST transformation. However, the GF+FP term (6) is not ap-
propriate from the viewpoint of multiplicative renormalizability of the theory. The
reason is as follows. The divergent contribution proportional to a ghost-antighost
self interaction term (f iabC¯aCb)2 is generated as a quantum correction due to the
existence of the interaction f iadf icbC¯aCbAµcAdµ in the MA gauge (6). However, the
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GF+FP term (6) does not include such a term at the tree level so that the mul-
tiplicative renormalizability cannot be maintained in the off-diagonal gluon sector.
Therefore, in order to preserve the multiplicative renormalizability, we should modify
the GF+FP term to include such a term at the tree level. In this paper, we adopt
the modified MA gauge fixing term[11, 8]
SmMA :=
∫
d4xi
[
δBδ¯B
(
1
2
AaµA
a
µ −
α
2
iCaC¯a
)
− δB
{
C i
(
∂µAiµ +
β
2
φi
)}]
, (7)
where δ¯B is the anti-BRST transformation. Integrating out φ
i and φa, we obtained
the total gauge fixing term
SmMA =
∫
d4x
{
− 1
2α
(DµAaµ)
2 − 1
2β
(∂µAiµ)
2 − ig2fadif cbiC¯aCbAµcAdµ
+ iC¯aD2Ca + igC¯aDµ(fabcAbµC
c) +
i
2
g(DµAaµ)(f
abcC¯bCc)
+
α
8
g2fabef cdeC¯aC¯bCcCd +
α
4
g2fabif cdiC¯aC¯bCcCd
+
α
8
g2(fabcC¯bCc)2 + iC¯ i∂2C i + iC¯ i∂µ(gf ibcAbµC
c)
}
. (8)
This term includes the desired form ghost interaction term.1 Moreover, we find that
no interaction term with diagonal ghost C i exists so that a diagonal ghost does not
appear as an internal line in the perturbative loop calculation.
3 Composite operator and Abelian auxiliary field
Here, we consider the Green’s function including Abelian composite operator which
is made of off-diagonal fields and invariant under the U(1) gauge transformation (5).
Then we introduce a dual Abelian tensor field Biµν as an auxiliary field corresponding
to such a composite operator.
According to the Abelian dominance in the low energy region of QCD, an el-
ementally off-diagonal field hardly affect the physics alone. However, the Abelian
composite operator which is composed of off-diagonal fields can affect the low en-
ergy physics as well as elementary Abelian fields. There are four candidates of the
Abelian composite operator made of off-diagonal fields with mass dimension 2, that
is, f ibcAbµA
c
ν , A
a
µA
µa, f ibcC¯bCc and C¯aCa. In this paper we focus on the two-rank
anti-symmetric composite operator Oiµν := f
ibcAbµA
c
ν since this operator is very im-
portant to construct the dual Abelian gauge theory of Yang-Mills theory.2 In order
1The GF+FP term (7) satisfies the charge conjugation invariance, global shift invariance for the
diagonal ghost and global shift invariance for the diagonal antighost. See Ref [10] for more detail.
2Other three scalar composite operators are meaningful in the different sense. In the non-
perturbative consideration by making use of effective potential, the dynamical mass of the off-
diagonal fields are caused through the pair condensation of the off-diagonal ghost and antighost.
However, in this paper, all calculations are based on the perturbative method and the non-zero
masses of the off-diagonal fields are assumed.
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Figure 1: The wavy line denotes the gluon and the circled cross denotes the composite
source Kiµν .
to consider the Green’s functions with Abelian composite operator Oi, we introduce
a source term SK for O
i as well as SJ for elemental fields:
Z[J,K] =
∫
DΦ exp{iSYM + iSmMA + iSJ + iSK}. (9)
Where SYM := −14FAµνF µνA is Yang-Mills action and gauge fixing terms SmMA have
already been given in (7). SJ is a source term for the elementary fields, SJ :=∫
d4x
(
AiµJ
µi + AaµJ
µa
)
, and SK is a source term for the composite operator:
SK :=
∫
d4x
i
2
∗OiµνK
µνi, (10)
where we define the Hodge dual of arbitrary two-rank anti-symmetric tensor as
∗Oµν :=
1
2
ǫµνρσO
ρσ. However, we notice that the composite source term (10) is insuf-
ficient from the viewpoint of multiplicative renormalizability. Indeed, such a source
term (10) generate the divergent contributions not only proportional to OiµνK
µνi
but also proportional to ∂µA
i
νK
µνi and KiµνK
µνi. (See Fig. 1) Therefore, in order
to maintain the multiplicative renormalizability, we should re-define the composite
source term as
SK :=
∫
d4x
(
i
2
∗QiµνK
µνi +
1
4
KiµνK
µνi
)
, (11)
where we define new composite operator
Qiµν := ρf
i
µν + σf
ibcAbµA
c
ν , (12)
with new two parameters ρ and σ.3 Then we can obtain the connected Green’s func-
tions including the Abelian composite operator Qiµν by differentiating W := −i lnZ
with respect to Kiµν .
Now we try to define the effective action. The existence of the quadratic source
term such as the last term of SK prevents us from performing the Legendre transfor-
mation. Therefore we introduce a dual Abelian tensor field as an auxiliary field in
order to put out quadratic term of Kiµν . By making use of the identity:
N
∫
DBiµν exp i
∫
d4x
{
−1
4
(
Biµν − ∗Qiµν −Kiµν
)2} ≡ 1, (13)
3Three divergent contributions shown in Fig. 1 can be absorbed by renormalizing the composite
source Kiµν and two new parameters ρ and σ.
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with an appropriate constant N , we obtain
Z[J,K] = N
∫
DΦDBiµν exp{iSinv + iSGF + iSJ + i
∫
d4x
1
2
BiµνK
µνi}, (14)
where we defined
Sinv =
∫
d4x
{
−1
4
[
DµA
a
ν −DνAaµ + gfabcAbµAcν
]2
− 1− ρ
2
4
(
f iµν
)2 − 1− ρσ
2
gf iµνf
ibcAµbAνc − 1− σ
2
4
g2
(
f ibcAbµA
c
ν
)2
− 1
4
(
Biµν
)2 − 1
4
ǫµνρσBiµν
[
ρf iµν + σgf
ibcAbµA
c
ν
]}
, (15)
with the Abelian field strength f iµν := ∂µA
i
ν − ∂νAiµ. It is easily confirmed that we
can reproduce the original partition function (9) by integrating out Biµν in (14).
Now we can perform the Legendre transformation as
Γ [A¯iµ, A¯
a
µ, B¯
i
µν ] :=W [J,K]−
∫
d4x
(
A¯iµJ
µi + A¯aµJ
µa +
1
2
B¯iµνK
µνi
)
, (16)
where we defined the background fields:
A¯Aµ :=
δ
δJµA
W [J,K], B¯iµν :=
δ
δKµνi
W [J,K]. (17)
We obtain one particle irreducible (1PI) Green’s function by making use of the effec-
tive action Γ [A¯iµ, A¯
a
µ, B¯
i
µν ].
4 Renormalization and RG functions
We introduce the multiplicative renormalization factors of the fields, parameters and
coupling constant in order to absorb undesirable divergent contributions in the 1PI
Green’s functions. Especially, we pay attention to the 1PI Green’s functions including
the dual Abelian tensor field Biµν and determine the RG function of σ which is unfixed
in (I).
In order to show the multiplicative renormalizability and determine the beta func-
tion, the anomalous dimensions and the RG functions we define the renormalized fields
and parameters as
A¯iµ = Z
1/2
a A¯iRµ, A¯
a
µ = Z
1/2
A A¯
a
Rµ, B¯
i
µν = Z
1/2
B B¯
i
Rµν , g = ZggR,
α = ZααR, β = ZββR, ρ = ZρρR, σ = ZσσR.
(18)
Here, at the one-loop level calculations, there is no need to take into account renor-
malization of each fluctuation field explicitly. Moreover the renormalization of the
background ghost and antighost are also irrelevant because we consider the Green’s
functions including neither ghost nor antighost in this paper. We can determine each
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Figure 2: The graphical representation of the Green’s function including Biµν at the
one-loop level. The zig-zag line denotes the dual Abelian tensor field. The lines
labeled “i” correspond to the diagonal fields.
(D1) (D2) (D3)
i
(D4) (D5) (D6)
i
Figure 3: Vacuum polarization graphs with respect to the off-diagonal gluon propa-
gator at one-loop level.
renormalization constant defined here to absorb all divergent contributions calculated
in the 1PI Green’s function.
Now, we consider the Green’s functions including Biµν . There are three divergent
Green’s functions
〈
B¯iµνB¯
j
ξη
〉
,
〈
B¯iµνA¯
j
λ
〉
and
〈
B¯iµνA¯
a
ξA¯
b
η
〉
. The graphical representation
is given in Fig. 2. The graphs (A), (B) and (C)s correspond to the first, second and
third graphs in Fig. 1 respectively.
We have already calculated the vacuum polarization graphs (A) and (B) in (I)
together with the vacuum polarization for the diagonal gluon propagator
〈
AiµA
j
ν
〉
.
And we determined the renormalization constants Za, ZB, Zg and Zβ there. It is
remarkable that the results in (I) paper are also valid here despite that we adopt
the modified MA gauge in this paper which differs from the naive MA gauge in (I).
Therefore the remaining renormalization constants to be determined in this paper are
ZA, Zα and Zσ. First, ZA and Zα can be determined by requiring that the transverse
and longitudinal mode of the off-diagonal gluon propagator are convergent. Then we
can determine Zσ by requiring the Green’s function
〈
B¯iµνA¯
a
ξ A¯
b
η
〉
is convergent.
The divergent vacuum polarization graphs for the off-diagonal gluons are drawn
in Fig. 3 and the divergent contributions to Green’s function
〈
B¯iµνA¯
a
ξA¯
b
η
〉
have already
been shown in Fig. 2.
After straightforward calculations by making use of the dimensional regularization,
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we obtain
ZA = 1 +
(gRµ
−ǫ)2
(4π)2ǫ
[
17
6
− αR
2
− βR +
(
5
3
+
1− αR
2
)
(C2(G)− 2)
]
+ · · · , (19)
Zα = 1 +
(gRµ
−ǫ)2
(4π)2ǫ
[
4
3
− αR − 3
αR
+
(
5
3
+
1− αR
2
− 3
4
αR
)
(C2(G)− 2)
]
+ · · · ,
(20)
Zσ = 1 +
(gRµ
−ǫ)2
(4π)2ǫ
[4
3
+
1 + αR
2
σ2
R
+
5
4
αR − 1
αR
+
βR
4
− βR
2αR
+
(
5
12
+
αR
2
+
1 + αR
4
σ2
R
)
(C2(G)− 2)
]
+ · · · , (21)
where ǫ := (4− d)/2.
Defining the anomalous dimension γΦ for each field Φ and the RG function γχ for
each parameter χ as
γΦ :=
1
2
µ
∂
∂µ
lnZΦ, γχ := µ
∂χR
∂µ
= −χRµ ∂
∂µ
lnZχ, (22)
we obtain the following results.
β(gR) := µ
∂gR
∂µ
= −gRµ ∂
∂µ
lnZg = −11
3
C2(G)
g3
R
(4π)2
, (23)
γa(gR) =
1
2
µ
∂
∂µ
lnZa = −11
3
C2(G)
g2
R
(4π)2
, (24)
γB(gR) =
1
2
µ
∂
∂µ
lnZB =
1 + αR
2
σ2
R
C2(G)
g2
R
(4π)2
, (25)
γρ(gR) = −ρRµ ∂
∂µ
lnZρ
= −2ρR
[
11
6
+
σ2
R
2
− 2σR
ρR
+
1− αR
2
(
σR
ρR
− σ
2
R
2
)]
C2(G)
g2
R
(4π)2
, (26)
γβ(gR) = −βRµ ∂
∂µ
lnZA = −2γa(g)βR. (27)
γA = − g
2
R
(4π)2
[
17
6
− αR
2
− βR +
(
5
3
+
1− αR
2
)
(C2(G)− 2)
]
, (28)
γα =
2g2
R
(4π)2
[
4
3
αR − α2R − 3 + αR
(
5
3
+
1− αR
2
− 3
4
αR
)
(C2(G)− 2)
]
, (29)
γσ =
2g2
R
σR
(4π)2
[
4
3
+
1 + αR
2
σ2
R
+
5
4
αR − 1
αR
+
βR
4
− βR
2αR
+
(
5
12
+
αR
2
+
1 + αR
4
σ2
R
)
(C2(G)− 2)
]
. (30)
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All anomalous dimensions and RG functions except for γB, γρ and γσ are com-
pletely independent of two parameters ρ and σ which were introduced in this paper
together with the Abelian auxiliary field Biµν . Therefore the behavior of A
i
µ, A
a
ν , g,
α and β are not affected by introduction of such an auxiliary field. Especially, beta
function obtained here is exactly identical to that in the ordinary Lorentz gauge in
which the SU(N) color rotational symmetry is unbroken. To the contrary, γB, γρ and
γσ depend on two parameter ρ and σ.
In SU(2) case, we can put Casimir operator C2(G) identical to 2. Then RG
functions of each parameter are rewritten as
γβ =
44
3
βR
g2
R
(4π)2
, (31)
γα = −2
[(
αR − 2
3
)2
+
23
9
]
g2
R
(4π)2
, (32)
γρ = −4ρR
[
11
6
+
σ2
R
2
− 2σR
ρR
+
1− αR
2
(
σR
ρR
− σ
2
R
2
)]
g2
R
(4π)2
, (33)
γσ = 2σR
[
4
3
+
1 + αR
2
σ2
R
+
5
4
αR − 1
αR
+
βR
4
− βR
2αR
]
g2
R
(4π)2
. (34)
Firstly, we consider the gauge fixing parameters β and α. The RG flow of the Abelian
gauge fixing parameter β has a fixed point at β = 0. It is similar to Landau gauge in
the ordinary Lorentz gauge. To the contrary, the RG flow of the parameter α does
not have any fixed point because γα is always negative for arbitrary real value of α.
The value of α increases toward the infrared region. Therefore we cannot analyze a
special point of α differently from the case of β, so that we set β = 0 and leave α
unfixed in the following discussion.
Next, we consider a parameter ρ. The RG flow of ρ does not have a fixed point
at ρ = 0 unless σ = 0. Of course, before the perturbative calculations, we can expect
that such a trivial fixed point ρ = σ = 0 exists since the case of ρ = σ = 0 corresponds
to the case in which Abelian auxiliary field has never been introduced. Because of
the fact that a fixed point of ρ = 0 does not exist when σ 6= 0, we understand that
an introduction of σ-term must generate ρ-term. It is compatible with the argument
in Sec. 3.
Finally, we consider a remaining parameter σ. The RG flow of σ has a trivial
fixed point at σ = 0. However, we are not interested in such a trivial fixed point. At
β = 0, we obtain
γσ = σR(1 + αR)
[
σ2R +
5
2
(αR − α1)(αR − α2)
(1 + αR)αR
]
g2
R
(4π)2
, (35)
where α1 = (−8− 2
√
61)/15 and α2 = (−8 + 2
√
61)/15. γσ can be equal to 0 at
σ ≡
√
−5
2
(αR − α1)(αR − α2)
(1 + αR)αR
, (36)
when α1 < αR < −1 or 0 < αR < α2. However this is not a true fixed point since α
is always unfixed in the MA gauge as mentioned above.
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5 Conclusion
In (I) and in this paper, we have considered the possibility of the existence of the
Abelian composite operator composed of off-diagonal gluons in the MA gauge. We
have introduced the dual Abelian anti-symmetric tensor field Biµν into the SU(N)
Yang-Mills theory as an auxiliary field together with two new parameters ρ and σ.
In (I), we demonstrated the multiplicative renormalizability of propagators for the
diagonal gluon and the dual Abelian anti-symmetric tensor field. At that time, we
calculated the beta-function, the anomalous dimensions of the diagonal gluon and
dual Abelian anti-symmetric tensor field, and RG functions of the gauge parameter
for diagonal gluon β and ρ. The results obtained in (I) are still valid here.
In addition to the demonstration in (I), in this paper, we have shown the multi-
plicative renormalizability for the Green’s functions including not only diagonal fields
but also off-diagonal gluons. We have calculated the anomalous dimension of the
off-diagonal gluon and the RG functions of the gauge parameter for the off-diagonal
gluon α and parameter σ.
From the results obtained in this paper, we have found the following facts. First,
the RG flow of the gauge fixing parameter α for off-diagonal gluon does not have a
fixed point anywhere. Next, an introduction of σ term must generate the ρ-term so
that we should introduce ρ-term at the same time from the viewpoint of multiplicative
renormalizability. Finally, the RG flow of a parameter σ has non-trivial fixed points
depending on α. The non-zero values of ρ and σ mean that the composite operator
of off-diagonal gluons plays dominant role in the low energy region.
The results in this paper are based on the perturbative calculations so that it
is valid in the ultraviolet region. However, these are important for the analysis in
the infrared region in order to construct the low energy effective theory which is
compatible to the original QCD.
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